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Abstract The model of electrically driven jet is governed by a series of quasi 1D dimensionless partial
diﬀerential equations (PDEs). Following the method of lines, the Chebyshev collocation method is
employed to discretize the PDEs and obtain a system of diﬀerential-algebraic equations (DAEs). By
diﬀerentiating constrains in DAEs twice, the system is transformed into a set of ordinary diﬀerential
equations (ODEs) with invariants. Then the implicit diﬀerential equations solver “ddaskr” is used
to solve the ODEs and post-stabilization is executed at the end of each step. Results show the
distributions of radius, linear charge density, stretching ratio and also the horizontal velocity at a
time point. Meanwhile, the spiral and expanding projections to X-Y plane of the jet centerline
suggest the occurring of bending instability. c© 2011 The Chinese Society of Theoretical and Applied
Mechanics. [doi:10.1063/2.1103103]
Keywords electrically driven jet, method of lines, Chebyshev collocation method, diﬀerential-
algebraic equation, bending instability
Electrospinning is a novel technique to manufacture
nanoﬁbers.1 As showed in Fig. 1, during electrospin-
ning, samples are extruded out from the syringe and a
thin charged liquid jet ﬂows downward from the surface
of Taylor cone pending on the nozzle toward the col-
lector. Driven by high electric ﬁeld, the jet experiences
a process of elongation, evaporation and solidiﬁcation.
Meanwhile, bending instability appears as the form of
spiral which is initially caused by small bends. Finally
the ﬁber deposits on the grounded collector.1 In this
paper, we will address a numerical method for solving a
time-dependent PDE system in one dimension which de-
scribes the motion of the electrically driven jet. In this
ﬁeld, Reneker et al.1 established dumbbell model simu-
lating the motion of beads with mass and charge con-
nected by viscoelastic joints. This model was physically
discretized ignoring the eﬀect of variation of radius and
charge density along the curve length etc. Yarin et al.2
developed a continuous model with electrical force by
local approximation, considering evaporation but lack-
ing of the inertial force caused by the intrinsic velocity.
Kowalewski et al.3 also gave out a similar model with di-
rect integration for calculating the electrical force. Our
model is based on a set of asymptotic one-dimensional
PDEs derived by Panda et al.4 for the dynamics of a
slender curved inertial viscous Newtonian ﬁber. In this
paper, these governing equations with the additional
electrical force term and the additional conservation law
of charge will be used to model the electrically driven
jet.
This paper describes the dynamics of jet with cir-
cular cross section radius R, material velocity v and
jet centerline γ = Xe1 + Y e2 + Ze3. The dimension-
less forms of conservation law of mass, momentum and
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Fig. 1. Schematic drawing of the manufacturing apparatus
and electrospinning process.
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ratio. τ is a vector tangential to the curved jet. λ is
the linear charge density and ζ is the derivative of the
intrinsic velocity with respect to Z, Z ∈ [0, 1] (intrinsic
velocity here is explained as the velocity of liquid parti-
cle relative to the arc length coordinate, and the details
refer to Ref. 4). The dimensionless forms of coupling
condition and changing rate of β are
∂tγ +
(
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τ3
)
τ − v = 0, (4)
∂tβ +
[
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β2 = 0, (5)
with the constrain of
τ · τ = 1. (6)
Supplementary expressions are
τ = β∂Zγ, τ
′ = ∂Zτ , R′ = ∂ZR, v′ = ∂Zv,
ζ ′ = ∂Zζ, λ′ = ∂Zλ, β′ = ∂Zβ. (7-13)
Boundary conditions are
R (0, t) = 1, v (0, t) = e3, λ (0, t) = 1,
γ (0, t) = 0, β (0, t) = 1,
τ (0, t) = e3, ζ (1, t) = 0. (14-20)
Here v3, τ3 are the vector components of downward di-
rection e3 in the Cartesian coordinates, which have a
relationship with the intrinsic velocity of the material
particle u and the derivative of the arc length s with re-
spective to time such as ∂ts−u = −v3/τ3. χ = −ω lnω
is determined by the geometry property, i.e. the slen-
derness of the ﬁber ω = R0/L0 << 1, where R0 and L0
are the typical radius and the distance between nozzle
and collector respectively. The unknowns in the above
equations are γ, v, τ , v′, τ ′, R, λ, ζ, β, R′, λ′, ζ ′ and
β′ (every vector has 3 components in space). Then we
have a closed model with 23 scalar equations (1)-(13)
for 23 unknowns (scalars).
The Eqs. (1)-(20) are the dimensionless forms of
governing equations. Every quantity in equations is de-
ﬁned by Ψ∗/Ψ0, where Ψ∗ is the original quantity and
Ψ0 is the independent parameter as scale. Except for L0
as the length scale of Z and R0 as a scale of radius which
have been mentioned above, the chosen scales which
non-dimensionalize the system of the PDEs are: the
typical downward velocity of the jet V0 = Q
(
πR20
)−1
(Q
is the ﬂux from the nozzle), the liquid density ρ0, the
electric ﬁeld E0 imposed between nozzle and collec-
tor, gravitational acceleration g0, dielectric constant in
vacuum ε0 (approximately equal to the dielectric con-
stant in air), viscosity μ, surface tension coeﬃcient γ,
ion mobility b and the linear free charge density scale
λ0 = J (V0 + bE0)
−1
(J is the electric current).
As a consequence of dimensionless procedure,
in Eqs. (1)-(20) appear the important dimension-
less parameters. They are the Reynolds number
Re = ρ0L0V0μ
−1, Electric Euler number Ne =
ρ0V
2
0 R0
(
ε0E
2
0L0
)−1
which is a measure of inertial to
electric force, Froude number Fr = V 20 (g0L0)
−1
which
is a measure of inertial force to gravity, Weber num-
ber We = ρ0V
2
0 R0γ
−1 which is a measure of inertial
force and surface tension, Electric Reynolds number
Rq = V0 (E0b)
−1
which is a measure of ﬂuid velocity
to iron mobility and another number Ku = ε0E0R0λ
−1
0
giving a measure of the ratio of induced charge to free
charge density. The smaller the dimensionless param-
eter is, the more important the corresponding force in
the equations will be. All these dimensionless parame-
ters are in the order of ω0 other than any other order of
ω according to the scales from the experiment data of
Polyethylene oxide-water solution as sample5 except for
the assumption that linear free charge density λ0 has
the same order of induced charge density scale ε0E0R0
in the model of this paper.
If the governing equations (1)-(20) are discretized
on direction Z, they will turn to DAEs with a diﬀer-
ential index of 2,6,7 which indicates that twice diﬀeren-
tiating of constraint equations with respect to time is
needed to yield an explicit ODE system. In order to
obtain an ODE system suitable for the general-purpose
ODE solver, we diﬀerentiate the constraint equation (6)
to get the relation (reduce the diﬀerential index to 1)
ζ = −v3τ−13 ∂Zτ · τ + ∂Zv · τ . (21)
At the boundary of Z = 1, an extra unknown ζ ′ and an
extra equation of (21) exist. To eliminate them, ﬁrstly,
the expression of ζ ′ is obtained by dotting τ to Eq. (2).
Then we plug ζ ′ back into Eq. (2) and get two indepen-
dent scalar equations (equations on e1 and e2) as
∂tv − ∂tv · ττ + β
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)
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.
(τ ′ · ττ − τ ′) = 0, Z = 1. (22)
To complement a 3D vector equation, a third scalar
equation is needed by substituting Eq. (21) into the
boundary condition (20) and diﬀerentiating the result
with respect to time again (reduce the diﬀerential index
to zero and obtain a system corresponding to ODEs)
− v˙3τ3 − v3τ˙3
τ23
∂Zτ · τ − v3
τ3
(∂Z τ˙ · τ + ∂Zτ · τ˙ )+
∂Z v˙ · τ + ∂Zv · τ˙ = 0, Z = 1. (23)
We will solve the governing equations by employ-
ing the method of lines in which the space dimension
is discretized and the standard, general-purpose soft-
ware, developed for the numerical integration of ODEs
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Fig. 2. Distridutions of the radius, linear charge density and stretching ratio along axis Z at time 2.4.
Fig. 3. Projection of the central line of the jet on X-Y plane, X-Z plane, Y -Z plane at time 2.4.
and DAEs, is used8 to solve the system. The Cheby-
shev collocation method is employed here to discretize
the space.9−11 Firstly, the so-called Chebyshev-Guadd-
Lobatto points are chosen as the collocation points,
which are numbered from left to right on the inter-
val [0, 1] and deﬁned in terms of 0 = x0 < x1 <
· · · < xn = 1 with xj = [1− cos (jπ/n)]/2, j =
0, 1, · · · , n. Using this kind of collocation points can
well mitigate the Runge’s phenomenon.9 Then all the
discretized scalar unknowns in governing equations are
expressed as column vectors. For example, R stands for
[R (x0, t) , R (x0, t) , · · · , R (xn, t)]T. So that the inter-
polation function on these Chebyshev points is written
as p (xi) =
∑N
j=0
pjvj (xi) =
∑N
j=0
pjδij = pi, where
vj is the Lagrange polynomial. Finally, a Chebyshev
diﬀerentiation matrix D of (n+ 1)× (n+ 1) associated
with the collocation points can be created which is used
to discretize the ﬁrst order diﬀerential operator ∂Z in
the PDEs. Both the form and the derivation of D are
given in Trefethen’s book.9
Fig. 4. 3D view of the central line and the horizontal velocity
distribution at time 2.4 (arrows stand for the velocities).
To make use of standard, general-purpose ODEs’
solver, we have to write out the discretized PDEs as the
general form of f (x, x˙, t) = 0 which is implicit diﬀeren-
031003-4 Y. Liu, and R. J. Zhang Theor. Appl. Mech. Lett. 1, 031003 (2011)
Fig. 5. X-Y plane projections of the jet central line at diﬀerent times.
tial equations. The following procedures are performed
to achieve this:
(1) Assuming unknowns and their related time
derivatives in the form of column vector x =
[R v1 v2 v3 γ1 γ2 λ β]
T
and x˙, all the other unknowns
can be expressed explicitly by x through the discretized
form of the Eqs. (7)-(13) and (21), where the diﬀeren-
tial operator ∂Z in them should also be replaced by the
diﬀerentiation matrix D such as R′ = DR. Boundary
conditions are also needed here as Eqs. (14)-(19) for the
node j = 0, and Eq. (20) for j = n.
(2) The equations in the form of column vector
f (x, x˙, t) can be obtained corresponding to the dis-
cretized form of the Eqs. (1), (3)-(5) for the nodes j = 0,
Eq. (2) for j = 0 & j = n and Eqs. (22, 23) for j = n
separately (Eq. (4) on e3 is automatically satisﬁed and
omitted here). Then there is a unique equation for each
unknown on single node. All we need to do is to write
Octave function code of f (x, x˙, t).
The solver employed here is the function “odekdi”
from “odepkg” package for the numerical platform Oc-
tave. It can be used to solve a set of stiﬀ implicit diﬀer-
ential equations (IDEs). This function is a wrapper in
which the direct method of Fortran solver ddaskr.f12,13
is used.
However, the algebraic constraints Eqs. (6) and (20)
should be satisﬁed where we use h (x) = 0 to repre-
sent them. At each time step, function “odekdi” and
the post-stabilization procedure are both executed once.
Post-stabilization is achieved by updating the ODEs’ so-
lution x˜ through x = x˜−F (x)h (x) to avoid the drift-
oﬀ phenomenon.6,7 Here, F should satisfy the equation
hxF = I, where I is the identity matrix.
Below, we will simulate the motion of ﬁber focusing
on the ﬁber center-line position, the ﬁber proﬁle and so
on. A set of dimensionless numbers will be set up as
Re = 50, Fr = 1.0, Rq = 0.1, We = 10, Ne = 2.9,
Ku = 0.01 and ω=1/1 000. Since the high accuracy of
Chebyshev collocation method,9 21 collocation points
are employed here. More points will cause large con-
dition number of the Jacobian matrix,10 which is not
good for solving.
In calculation, the initial conditions are from the
solutions of corresponding steady state of the gov-
erning equations (1)-(20) with the initial disturbance
described as X = 0.01 cos (2πZ)
(
2Z − 1) and Y =
0.01 sin (2πZ)
(
2Z − 1), and the time step set up as
0.001. The function “odekdi” also contains several sub
steps and their sizes are determined by the solver it-
self. Figs. (2)-(4) show the numerical results at the
2 400 th step, where t = 2.4. If the character jet
length L0 = 0.2 m and velocity V0 = 1 m/s, the
typical time t0 = 0.2 s, which means the time is
0.48 s for our results. Figure 2 shows the distributions
of radius, linear charge density and the stretching ratio
ν = 1/β along Z axis. From the nozzle to the collec-
tor the radius and charge density of the jet decrease,
while the stretching ratio increases. Waves also can be
observed from the Figs. 2(b) and 2 (c), with growing
amplitudes along axis Z. Figures 3 and 4 show the
bending instability of the jet. We can observe that the
thin jet spiral down to the collector, whose amplitude
is also growing. The maximum they occupy is about
0.055 (1.1 cm) in diameter at 0.48 s. Figure 4 shows
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the horizontal velocity distribution of the material par-
ticles. Obviously the velocities aim to outside of the
spiral denoting the further instability. Meanwhile, the
horizontal velocity increases as the jet goes down. Fig-
ure 5 shows the series of central line projection on the
X-Y plane at diﬀerent time. From a to f , the increasing
length of curve also certiﬁes the existence of the bending
instability.
We have presented a method for numerical simu-
lation of electrically driven jet, which solves quasi 1D
PDEs directly using the method of lines with Cheby-
shev collocation method of space-discretization. The
model here considered the inertial force induced by the
intrinsic velocity, as well as the variation of the radius
and linear charge density. The bending instability also
can be showed from the results which coincide with the
observation from the experiment.1 This kind of method
still needs more work to improve, such as the error es-
timates. However, we believe it will have a wide appli-
cation in other ﬁeld involving the dynamics of slender
body for its simplicity and high accuracy.
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